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Abstract
We consider a model with two conserved currents, vector and axial, and two associated
chemical potentials, µ and µ5. In the presence of external magnetic and electric fields the
axial current is anomalous. Generalizing recent results and using thermodynamic relations
alone we demonstrate that one can evaluate the chiral magnetic effect (ChME), that is the
electric current flowing in the direction of the external magnetic field. In the linear in the
chemical potential approximation the current is the same as for non-interacting fermions. In
other words, there exists a hydrodynamic non-renormalization theorem for the ChME.
1 Introduction
The chiral magnetic effect (for review and references see [1]) gradually becomes a litmus-
paper for quark-gluon plasma physics. So much the more interesting is the task of its
explanation and study. The effect itself is the generation of electric current by applying an
external magnetic field H to a chiral medium:
jel = cchH , (1)
where cch is a constant. The problem is to evaluate the coefficient cch. In particular, for
fermions interacting with the magnetic field but not among themselves one gets [1],[2]:
cch = Nc
e2µ5
2π2
, (2)
where Nc is the number of colors, e
2 is the electric charge squared and µ5 is the chemical
potential conjugated to the the difference in the number of left- and right-handed fermions.
Taking into account the interaction between the fermions is a challenge.
∗sadofyev@itep.ru
†m.isachenkov@gmail.com
1
In our considerations, we start from the hydrodynamic approximation which is, in a
way, opposite to the limit of free fermions. Indeed, in the hydrodynamic approximation one
considers distances l much larger than the free path of the particles of the medium,
l ≫ lfree path .
The hydrodynamic approach to chiral media is pioneered in [3] where it is demonstrated that
the general thermodynamic identities are powerful enough to fix some transport coefficients.
In the model of [3] all the currents are chiral. We generalize these considerations to the
case of vector and axial currents separately conserved (at least in the absence of external
electromagnetic fields). The two-current set-up (see also [4]) enables physical quantities to
have their proper parity.
With all the calculations completed, well obtain the first term in the expansion of the
coefficient cch in the axial chemical potential µ5, whereas in coupling constant it includes
all orders due to our use of the hydrodynamical approximation. The result coincides with
(2). The fact that calculated coefficient coincides with those derived in linear approximation
permits us to formulate a non-renormalization theorem for ChME that seems to be analogous
to already existing non-renormalization theorems [5]: the ChME coefficient doesnt receive
corrections in coupling constant, but only in chemical potentials of right- and left-handed
particles. In fact, this theorem is a consequence of the second law of thermodynamics.
Through the paper we use the following conventions: the metric tensor has (-,+,+,+)
signature, 4-velocity of an element of the liquid satisfies uµu
µ = −1, the quantities which
correspond to the electric and magnetic fields in the rest frame are Eµ = F µνuν and Bµ =
1
2
ǫµναβu
νF αβ. We also introduce the following notation:
ωµ =
1
2
ǫµναβu
ν∂αuβ .
For simplicity we consider an Abelian case henceforth (Nc = 1).
2 Hydrodynamical approximation
We discuss a hydrodynamical model of the ideal chiral liquid in the presence of the chiral
anomaly. To describe a nonzero chirality we introduce independent densities of the right- and
left-handed particles or, equivalently, density n and ”axial” density n5 (which phenomeno-
logically correspond to the QCD currents Jµ = q¯γµq and Jµ5 = q¯γ
µγ5q). We also introduce
their chemical potentials µ, µ5. This model is described by following equations:
∂µT
µν = F νλjλ
∂µj
µ = 0
∂µj
µ
5 = CE
µBµ, (3)
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where the stress-energy tensor, vector and axial current are
T µν = wuµuν + pgµν
jµ = nuµ + νµ
j
µ
5 = n5u
µ + νµ5 . (4)
Terms ν, ν5 are higher-order corrections in velocities and their derivatives, which corresponds,
in particular, to dissipative effects. There is no a dissipative force in the rest frame of the
element of a liquid. Therefore ν, ν5 satisfy conditions(see [6]):
νµu
µ = 0
ν5,µu
µ = 0. (5)
Following the pattern of [3], let us consider consequences from the second law of thermo-
dynamics. Transforming uν∂µT
µν + ∂µj
µ + ∂µj
µ
5 we get:
∂µ(su
µ −
µ
T
νµ −
µ5
T
ν
µ
5 ) = −ν
µ∂µ
µ
T
− ν
µ
5 ∂µ
µ5
T
+
Eλ
T
νλ − µ5
C
T
E B. (6)
The second law of thermodynamics implies that the entropy is non-decreasing and the en-
tropy current divergence is non-negative. The entropy current is usually introduced as:
sµ = suµ −
µ
T
νµ −
µ5
T
ν
µ
5 . (7)
For the ideal liquid ν and ν5 are zero. But in the presence of the anomaly such a choice
does not guarantee fulfilment of the second law of thermodynamics since the CE · B term
can have both signs. To compensate for the contribution of this term we can introduce in
ν,in ν5 and in sµ further terms, not forbidden by the second law of thermodynamics in the
presence of the anomaly. We choose such terms in the accordance with [3]:
sµ = suµ −
µ
T
νµ −
µ5
T
ν
µ
5 +Dω
µ +DBB
µ, (8)
νµ = κωµ + κBB
µ
ν
µ
5 = ξω
µ + ξBB
µ. (9)
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Coefficients ξ, ξB, κ, κB, D,DB are functions of the thermodynamical variables. The coeffi-
cient in front of Bµ in the vector current corresponds to the ChME in hydrodynamical ap-
proach. To impose the second law of thermodynamics we demand the contributions to the di-
vergence of the new terms to be compensated by the chiral anomaly. When Bµ, ωµ, E ω, E B
are arbitrary, the following set of equations takes place:
(∂µD − 2
∂µP
w
D − κ∂µ
µ
T
− ξ∂µ
µ5
T
) · ωµ = 0 (10)
(∂µDB −
∂µP
w
DB − κB∂µ
µ
T
− ξB∂µ
µ5
T
) · Bµ = 0 (11)
(
2nD
w
− 2DB +
κ
T
) · (Eµω
µ) = 0 (12)
(
nDB
w
+
κB
T
− µ5
C
T
) · (EµB
µ) = 0. (13)
To solve this set of equations one should use initial conditions. For this purpose it is con-
venient to change a thermodynamical variables from (µ,µ5,T ) to (µ¯ =
µ
T
, µ¯5 =
µ5
T
, P ).
Then
dT =
T
w
dP −
nT 2
w
dµ¯−
n5T
2
w
dµ¯5. (14)
We can set the gradients of thermodynamical variables (∂P, ∂ µ
T
, ∂ µ5
T
) arbitrary at initial
time. Then coefficients in front of them must be zero at arbitrary time to make (10-13) valid
:
∂D
∂p
−
2D
w
= 0 ,
∂DB
∂p
−
DB
w
= 0 (15)
∂D
∂µ¯
= κ ,
∂DB
∂µ¯
= κB (16)
∂D
∂µ¯5
= ξ ,
∂DB
∂µ¯5
= ξB. (17)
We search for a solution in the form:
D = T 2d(µ¯, µ¯5) , DB = Td(µ¯, µ¯5)
κ =
∂
∂µ¯
(T 2d) , ξ =
∂
∂µ¯5
(T 2d)
κB =
∂
∂µ¯
(TdB) , ξB =
∂
∂µ¯5
(TdB), (18)
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where d and dB are arbitrary functions. One finds after straightforward calculations:
dB = Cµ¯5µ¯+ f(µ¯5) , d = Cµ¯5µ¯
2 + µ¯f(µ¯5) + F (µ¯5), (19)
where f and F are arbitrary functions.
We are interested only in the ChME term which corresponds to the coefficient in front
of Bµ. For this coefficient kB in the lowest order in chemical potentials one gets:
κB = Cµ5 +O(µ
2
5
, µµ5, µ
2). (20)
Higher-order terms in kB are not fixed by this calculation. It’s worth pointing out that the
coefficients in front of ωµ have uncertainty even in the lowest order while in [3] coefficient
before ωµ in the chiral current is uniquely fixed.
It is readily seen that there is a term proportional to the magnetic field in the vector
current. This term corresponds to the ChME in the hydrodynamical model. Substituting
the anomalous coefficient in front of (E ·B) by e
2
2pi2
we finally get in the lowest order:
△jµ =
e2µ5
2π2
Bµ. (21)
The answer for an arbitrary Nc is obtained by simple multiplication.
3 Conclusion
To summarize, it follows from the consideration of the entropy that the chiral magnetic effect
is not vanishing in the hydrodynamical approximation. The corresponding coefficient cch,
see (2), is expandable in the chemical potentials. The first, linear term is uniquely fixed
and coincides with the result for non-interacting particles. Unlike the free-particle case,
further terms in the expansion are not vanishing, generally speaking. They seem to be not
fixed, however, by the general thermodynamic relations. The hydrodynamical approximation
addresses physics in the infrared region of energies and is sensitive, generally speaking, to
all orders of perturbation theory. Our result suggests, therefore, that there exists a new
non-renormalization theorem for the coefficient cch in the linear in the chemical potential
approximation. Besides the result itself which looks quite nonpresumable, one could wonder
about power of pure thermodynamics in deriving of highly non-trivial relations in the field
theory.
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